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''pi , We show the existence of 112 non-singular rational curves on the su- 

C^ ' persingular K3 surface with Artin invariant 1 in characteristic 3 by sev- 

eral ways. Using these rational curves, we have a (16)io-configuration 
and a (28O4, 112io)-configuration on the K3 surface. Moreover we 
study the Picard lattice by using the theory of the Leech lattice. The 
^ ■ 112 non-singular rational curves correspond to 112 Leech roots. 

cn 

w^ ■ 1 Introduction 

C^^ ' A supersingular K3 surface (in the sense of Shioda [23]) is a K3 surface with 

^—^ ■ the Picard group of rank 22. This occurs only if the ground field k has a 

positive characteristic p. Let Sy be the Picard lattice of a supersingular 
K3 surface Y and Sy the dual of Sy- By a result of Artin [1], Sy/Sy is 
a p-elementary abelian group (Z/pZ)^*^. The a is called Artin invariant. 
Supersingular K3 surfaces in characteristic p with Artin invariant a form a 
C^ I family of dimension a — 1. Moreover Ogus [16], [17] proved the uniqueness 

of supersingular K3 surface with Artin invariant 1 up to isomorphisms (see 
also Rudakov and Shafarevich [18]). 

In the paper [9], Dolgachev and the second author studied the supersin- 
gular K3 surface in characteristic 2 with Artin invariant 1 by using a theory 
of the Leech lattice. They showed that the existence of a (21)5-configuration 
of non-singular rational curves on the surface and gave a generator of the 
group of automorphisms of the surface. Later the authors [13] showed the 
existence of a (21)5-configuration by using a structure of a generalized Kum- 
mer surface. 
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In this paper, we consider the supersingular K3 surface X with Artin 
invariant 1 in charactersitic 3. It is known that X has a rich structure. 
For example, X is isomorphic to the Fermat quartic surface on which 112 
lines exist, the elliptic modular surface with level 4 and the Kummer surface 
Km(^) associated to a superspecial abelian surface A (Shioda [22], [23]). 
Recently Shimada and Zhang [21] showed that X is obtained as a purely 
inseparable triple cover of a non-singular quadric. Moreover X has extra 
automorphisms contrary to the case of characteristic zero (see Dolgachev, 
Keum [8]). 

The purpose of this paper is to show the existence of 112 non-singular 
rational curves on X by several ways. First we shall study X by using 
a theory of the Leech lattice. The Picard lattice Sx is isomorphic to the 
orthogonal complement of the root lattice A2 © A2 in the even unimodular 
lattice III, 25 of signature (1, 25). By a description of a fundamental domain of 
the reflection subgroup of the orthogonal group 0(IIi,25) due to Conway [6] 
and a method of Borcherds [3], we can see that there exist 112 non-singular 
rational curves on X (Lemma 2.2). We show that these 112 non-singular 
rational curves are lines on the Fermat quartic surface (§3). Next we show 
that X is obtained as a double cover of a non-singular quadric, and describe 
112 curves in terms of non-singular curves on the quadric (§4). Finally we 
construct 80 elliptic curves and 16 non-singular curves of genus 4 on A whose 
images, together with 16 non-singular curves obtained as exceptional curves, 
give 112 non-singular rational curves on Km(yl) (§9). To construct these 80 
elliptic curves, we consider decompositions of the curves of genus 4 into 
elliptic curves. More precisely, a curve C of genus 4 on A corresponds, as a 
divisor, to a quaternion hermitian 2x2 matrix M. We first decompose M 
into two quaternion hermitian matrices which correspond to elliptic curves 
A and A' respectively. Namely, we have a decomposition C = A + A' in 
the Neron-Severi group NS{A). Since we have 10 different decompositions 
of M, we get 20 elliptic curves in this way. By translations by 2-torsion 
points of A, we have 80 elliptic curves in total. By our construction we can 
controle the intersection numbers of the elliptic curves and the curves of 
genus 4, and can show that the elliptic curves have the required properties. 
We will also show that there exist two sets of non-singular rational curves on 
X each of which consist of 16 disjoint curves such that each curve from one 
set meets exactly 10 members in other set. Such a pair of two sets is called a 
(16)io-configuration. It is known that there exists a (16)io-configuration on a 
Kummer surface in characteristic (Barth, Nieto [2], Naruki [14], Traynard 
[25]). And we will show that there exist 280 Fg-rational points on X such 



that each of 112 curves contains 10 Fg-rational points and each Fg-rational 
point lies on 4 curves. Such relation is called a (28O4, 112io)-configuration 
(for the notation, see Dolgachev [7] for instance). 

We thank Daniel Allcock, Igor Dolgachev and JongHae Keum for useful 
discussions. 

2 Leech roots 

A lattice (L, {,)) is a pair of a free Z-niodule L of rank r and a non-degenerate 
symmetric integral bilinear form (, ) : Lx L ^ Z. For simplicity we omit (, ) 
if there are no confusion. We denote by U the hyperbolic plane, that is, an 
even unimodular lattice of signature (1, 1), and by Am, Dn or E^ the even 
negative definite lattice defined by the Cartan matrix of type vim, Dn or 
Ek respectively. We denote by L © M the orthogonal direct sum of lattices 
L and M. Also we denote by L™ the orthogonal direct sum of m-copies of 
L. Let L be an even lattice and let L* = Hom(L, Z). We denote by A^ the 
quotient L* /L and define a map 

qi-.AL^ Q/2Z 

by qiix + L) = {x,x) mod 2Z. We call qi the discriminant quadratic form. 
Let 0(L) be the orthogonal group of L, that is, the group of isomorphisms 
of L preserving the bilinear form. Similarly 0{qL) denotes the group of 
isomorphisms of A^ preserving q^. Note that there is a natural map from 
0(L) to 0{qL). 

Let III, 25 be an even unimodular lattice of signature (1,25). A vector 
r in IIi,25 with {r,r) = —2 is called a root of Hi, 25- For each root r we 
associate the reflection Sr defined by 

Sr{x) = X + {r, x)r 

which is an isometry of IIi,25- Let II^(IIi,25) be the reflection group of Hi, 25) 
that is, the subgroup of the orthogonal group 0(IIi,25) of IIi,25 generated 
by all reflections. Obviously l^(IIi,25) is normal in 0(IIi,25). The subgroup 
VF(IIi,25) is not finite index in 0(IIi,25), however, its fundamental domain 
can be described explicitly by Conway [6] as follows. First we fix an orthog- 
onal decomposition 

111,25 = U®A 

where U is the hyperbolic plane and A is the Leech lattice, i.e., A is an even 
negative definite unimodular lattice of rank 24 without roots. 



We denote a vector in IIi,25 by {m, n, A), where m, n are integers, A is in 
A, and the norm is given by 2mn-\- (A, A). We fix a special vector p = (1, 0, 0) 
called a Weyl vector. A root r in IIi,25 with (r, p) = 1 is called a Leech root. 
The set A(IIi^25) of all Leech roots bijectively corresponds to the set A by 

A 3 A ^^ r = (-1 - (A, A)/2, 1, A) € A(IIi,25)- (1) 

Note that if r, r' are Leech roots corresponding to A, A' G A respectively, 
then 

{r-r'f = {\-X'f. (2) 

Let -P(ni^25)^ be a connected component of the set 

{x G IIi,25<^R : {x,x) > 0}. 

Define 

C = {xe P(IIi,25)+ : (x, r) > 0, r G A(IIi,25)}. 

Then C is a fundamental domain of the reflection group H^(IIi,25) and 
0(IIi,25) is a split extension of H^ (111^25) by Aut(C) so that Aut(C) is iso- 
morphic to a split extension of Z^^ by 0(A) (Conway [6]). 

Recall that A is realized as a certain subgroup in R^^ = R^ (^^■■') 
equipped with inner product (x,y) = — ^ (in group theory one often 
changes the sign to the opposite). For any subset A oi Q. = P^(F23) let 
UA denote the vector X^igA ^i-> where {coo, eo, • • • , 622} is the standard basis 
in R^^. A Steiner system S{h, 8, 24) is a set consisting of eight-element sub- 
sets of Vl such that any five-element subset of Vt belongs to a unique element 
of >S'(5, 8, 24). An eight-element subset in 5(5, 8, 24) is called an octad. Then 
A is defined as a lattice generated by the vectors vq, — Av^ and 2vki where 
K belongs to the Steiner system 5(5,8,24). For more details, see [6]. 

Now we consider the following vectors in A: 

X = Auoo + m,Z = 0,P = 4zyoo + 41^0, Q = m - 4:Ui. (3) 

Then the corresponding Leech roots 

x = {2,l,X),z = (-l,l,0),p = (l,l,P),g = (1,1, Q) (4) 

genetare a root lattice R isomorphic to A2 0^2. Obviously R is primitive 
in IIi,25- 

Let S be the orthogonal complement of R in IIi^25- Then the signature 
of S is (1,21) and S*/S ^ R*/R ^ (Z/3Z)2. Under the embedding of S 



in III, 25 we define D = C D P{S)^ where P{S)^ is a connected component 
of the set {x € S" R : {x,x) > 0}. Then D is non-empty, and has only a 
finite number of faces and of finite volume ([3], Lemmas 4.1, 4.2, 4.3). We 
denote by Aut(D) the group of isometries of S which preserves D. It is easy 
to see that the group 0(gi?) is isomorphic to the dihedral group of order 8 
which is represented by the symmetry group of the Dynkin diagram of R. 
This implies that the natural map 0{R) — )■ 0{qfi) is surjective. It follows 
from [15], Proposition 1.6.1 that any isometry of 5 can be extended to an 
isometry of Hi, 25- Hence any isometry in Aut(D) can be extended to the one 
in 0(IIi,25) preserving C. Therefore Aut(L') is isomorphic to the subgroup 
of Aut(C) preserving R. 

Lemma 2.1 The group Aut(D) is an extension o/PSU(4, F3) by a Dihedral 
group of order 8 in which PSU(4, F3) acts on R trivially and the quotient 
by it is the symmetry group of the Dynkin diagram of R. 

Proof See [4], p.52. ■ 



Lemma 2.2 There are exactly 112 Leech roots which are orthogonal to R, 
and PSU(4, F3) acts transitively on these Leech roots. 

Proof The desired Leech roots correspond to the following norm (— 4)- 
vectors in A: 

(i) 56 (— 4)-vectors 2uk where K is an octad which contains 00, 0, but 
does not contain 1; 

(ii) 56 (-4)-vectors {xoo,xi,Xk^, ...,XkQ, ■■■) = (3,-1,... - 1,1,..., 1) 
where {00, 1, /ci, .., /cg} is an octad which does not contain 0. 

On the other hand, the stabilizer of such a vector has index at most 
112 in Aut(Z)). It follows from [4], p.52, the table of maximal subgroups of 
PSU4(3) that the stabilizer is 3^ • A^ where A^ is an alternating group of 
degree 6. Thus PSU(4, F3) acts transitively on 112 roots. ■ 



Remark 2.3 In his paper [24], Todd gave the 759 octads of the Steiner 
system S'(5,8, 24) (p. 219, Table I). The octads in the proof of Lemma 2.2 
correspond to the following octads in Todd's table : the last 16 in the first 
column, the second and third column. 



Remark 2.4 The incident relations between the above 112 Leech roots are 
as follows : Recall that there are two types (i) and (ii) of Leech roots {see 
the proof of Lemma 2.2). If r and r' are the same types corresponding to 
octads K , K' , respectively, then {r,r') = 1 {resp. {r,r') = 0) iff\KriK'\ = 2 
{resp. {KnK'l =4). If r and r' are different types corresponding to octads 
K,K', respectively, then {r,r') = 1 {resp. {r,r') = 0) iff\Kr]K'\ = 4 {resp. 
\KnK'\ =2). 

Next we shall classify the hyperplanes bounding D. To do this it is 
enough to consider the Leech roots r such that r and R generate a root 
lattice R' of rank 5 because otherwise the hyperplane r-*- in P(IIi^25)~'' does 
not meet P{S)^ . Obviously there are three cases occur, that is, 

R' = A2eA2eAi, As® A2, A5. 

The case i?' = ^2 © ^2 © ^1 has been determined in Lemma 2.2. 

Lemma 2.5 There are exactly 5184 Leech roots r such that r and R gen- 
erate a root lattice A^, and Aut(L') acts transitively on these Leech roots. 
The projection r' of r into S" © Q has norm —2/3. 

Proof By considering the action of the dihedral group on the simple roots 
of R, we may assume that r meets x and p. The desired Leech roots corre- 
spond to the following norm (— 4)-vectors in A: 

120 (— 4)-vectors 21^^ where K is an octad which contains 0, but does 
not contain 00, 1; 

120x7 = 840 (-4)-vectors {xki,xi,Xk2, ...,XkT, ■.■) = (3, -1, ..., -1, 1, ..., 1) 
where {ki, 1, k2, .., kj} is an octad which does not contain 00, 0; 

(77 - 21) X 6 = 336 (-4)-vectors 

yXi, Xj^i , Xqq, Xk2 ) •••) •^k(, 1 ■•■} — V ■^) •^)-^)-^5-^)-^)-^)-^5U,...,Uj 
where {00, 1, fci, .., /cg} is an octad which does not contain 0. Therefore the 
total number is 1296 x 4 = 5184. On the other hand, the stabilizer subgroup 
of A^ in PSU(4, F3) is a subgroup of M22 which fixes an octad. Note that it 
fixes one point in the octad and one point of the complement of the octad. 
Hence the stabilizer is the alternating group Aj of degree 7. The index of 
A^ in PSU(4, F3) is 1296. Hence the second assertion follows. Finally write 
r = r' + r" , r' £ S ^ Q, r" £ R (i^ Q. Then we can see (r")^ = —4/3. Hence 
(r')2 = -2/3. ■ 



Lemma 2.6 There are exactly 648 Leech roots r such that r and R generate 
^3 ffi ^2; o,nd Aut(D) acts transitively on these Leech roots. The projection 
r' of r into S (^ Q, has norm —4/3. 

Proof By considering the action of the dihedral group on the simple roots 
of R, we may assume that r meets q. Then the desired Leech roots corre- 
spond to the following norm (— 4)-vectors in A: 

120 (-4)-vectors Ii^k 
where K is an octad which contains oo, but does not contain 0, 1; 

21 (-4)-vectors {x^,XQ,xi,Xk^, ...,Xkr,, ■■■) = (3,-1,... - 1,1,. ..,1) 
where {oo,0, 1, ki, .., k^} is an octad; 

21 (— 4)-vectors i^q — Av^ 
where k ^ cx),0, 1. Therefore the total number is 162 x 4 = 648. On the 
other hand, the stabilizer subgroup of A^ © A2 in PSU(4, F3) is a subgroup 
of M24 which fixes three points of 24 letters, that is, ^3(4). The index of 
L3(4) in PSU(4, F3) is 162. Hence the second assertion follows. Finally 
write r = r' + r", r' G S" © Q, r" G i? © Q. Then we can see (r")^ = —2/3. 
Hence {r'f = -4/3. ■ 



Lemma 2.7 Let w be the projection of the Weyl vector p = (1, 0, 0) G U(BA 
into S* . Then w £ S and {w,w) = 4. Moreover w is contained in D. In 
particular, there are no {—2)-vectors in S perpendicular to w. 

Proof Let p = w + w' where w' G R* . Recall that x,z,p,q generate R. 
Since {x,w) = {z,w') = {p,w') = {q,w') = 1, we have w' = —{x + z+p + q). 
Hence w' G R. This implies that w £ S and {w,w) = —{w',w') = 4. It is 
known that w is contained in Z) ([3]). ■ 



Lemma 2.8 Denote by {r^} the set of all 112 Leech roots in Lemma 2.2. 
Then 

(1) Each Tq, meets exactly 30 members from {ra}. 

(2) {ra} generate S. 

(3) {w,ra) = 1. 

(4) W = ^Ea^a- 

Proof (1) Since PSU(4, F3) acts on the set of 112 Leech roots transitively, 
it is enough to see the assertion for one of them. We take the Leech root r^ 



corresponding to 2uk where 

X = {00,0,2,3, 4, 8, 9, 21} 

(see the proof of Lemma 2.2). By using the incident relations mentioned 
in Remark 2.4, we can easily see that the number of Leech roots r^ with 
{I'K-.i'ci) = 1 (resp. {rK,ra) = 0) is 30 (resp. 81). The Leech roots r^ with 
{fK,fa) = 1 correspond to the following 30 octads : 

Ki = {00, 0, 5, 6, 7, 13, 16, 17}, K2 = {00, 0, 5, 7, 11, 14, 18, 19}, 

K3 = {00, 0, 5, 10, 13, 14, 15, 22}, K^ = {00, 0, 5, 11, 12, 15, 17, 20}, 

K5 = {00, 0, 6, 7, 10, 12, 15, 18}, Kq = {00, 0, 6, 10, 14, 17, 19, 20}, 

K7 = {00, 0, 6, 11, 12, 13, 19, 22}, Ks = {00, 0, 7, 15, 16, 19, 20, 22}, 

Kg = {00, 0, 10, 11, 13, 16, 18, 20}, Kio = {cx), 0, 12, 14, 16, 17, 18, 22}, 

K[ = {00, 1, 2, 5, 6, 8, 9, 16}, K!, = {00, 1, 2, 4, 7, 9, 11, 14}, 

i^3 = {cx), 1, 2, 8, 13, 14, 15, 21}, K'^ = {cx), 1, 2, 4, 5, 12, 20, 21}, 

Ki, = {00, 1, 2, 3, 4, 6, 15, 18}, K'^ = {00, 1, 2, 4, 8, 10, 17, 19}, 

K'j = {00, 1, 2, 3, 9, 12, 13, 19}, K'^ = {00, 1, 2, 3, 7, 8, 20, 22}, 

K'g = {00, 1, 2, 3, 10, 11, 16, 21}, K[o = {00, 1, 2, 9, 17, 18, 21, 22}, 

K'{ = {00, 1, 3, 4, 5, 9, 10, 22}, K!{ = {00, 1, 3, 5, 8, 18, 19, 21}, 

K'^ = {00, 1, 3, 4, 5, 9, 10, 22}, K'^ = {00, 1, 3, 8, 9, 11, 15, 17}, 

K'^ = {00, 1, 7, 8, 9, 10, 12, 21}, K'(! = {00, 1, 3, 6, 9, 14, 20, 21}, 

K'j = {00, 1,4, 6, 8, 11, 21, 22}, K'^^ = {00, 1, 4, 9, 15, 16, 19, 21}, 

K^ = {00, 1, 4, 8, 9, 13, 18, 20}, K'^q = {00, 1, 3, 4, 8, 12, 14, 16}. 

(2) Denote by ki,kj,ki the corresponding Leech roots to Ki^K'^^K'^ 
respectively. Then we can easily see that {ki,k[) = {k[,k'l) = {k'/,ki) = 1 
(1 < i < 10) and all other intersection numbers between kijk'pk'/ are zero. 
Therefore [h + k'i + k'lf = and {h + k[ + k'l , kj + k'j + k'j) = for i / j. 
Hence ki + k^ + k'/ = kj + k'- + k" . The remaining 81(= 112 — 31) Leech roots 
have non-zero intersection number with ki + k[ + k" . Since each of ki, k'j, k'/ 
has intersection number 1 with 27(= 30 — 3) members among the remaining 
81 Leech roots. Hence each of the remaining 81 Leech roots has intersection 



number 1 with 10 = 30 x 27/81 members among kijk'pk". Thus if / is 
any one of the remaining 81 Leech roots, then (/, ki + k[ + k") = 1. Then 
two vectors / and ki + k'^ + k'l generate a hyperbohc plane U in S, and its 
orthogonal complement contains ^2'^ generated by ki,k[,k'l perpendicular 
to /. Let S' be the sublattice of S generated by 31 Leech roots ki,kj,ki 
and /. Then S' = U (B ^2*^, S' is of finite index in S and the quotient 
5/5' is isomorphic to (Z/3Z)^. The other Leech roots except rK,ki,k',,ki 
bijectively correspond to (Z/3Z)^. Therefore 112 Leech roots generate a 
sublattice of 5 with the discriminant ib3^''/81^ = ±3^. Since 5 has the 
discriminant ±3^, 112 Leech roots generate 5. In the following Lemma 3.2, 
we shall give a geometric interpretation of this argument. 

(3) Since (p, r^) = 1, we have {w,ra) = 1. 

(4) The right hand side X) fa/'^8 has the same property in (3). Since 112 
Leech roots generate 5, the assertion follows. ■ 

The following shows the existence of a (16)io-configuration among 112 
Leech roots. Later we shall show the existence of (16)io-configuration geo- 
metrically (see Theorem 9.1). 

Proposition 2.9 Among 112 Leech roots, there exist two sets A and B each 
of which consists of 16 Leech roots such that each one from one set meets 
exactly 10 members of the other set. 

Proof We use the same notation as in the proof of Lemma 2.2. Let A be 
the set of Leech roots corresponding 2z^/^ where K is an octad containing 
00,0,2, but does not contain 1. And let B be the set of Leech roots corre- 
spond to (— 4)-vectors {xoo,xi,Xk-i^, ...,Xfcg, ...) = (3, —1, ... — 1, 1, ..., 1) where 
{cxD, 1, /ci, .., fcg} is an octad which contains 2 and does not contain 0. We 
can easily see that the pair of A and ^B is a (16)io-configuration. ■ 



Lemma 2.10 Let X he the supersingular K3 surface in characteristic 3 
with Artin invariant 1. Let Sx be the Picard lattice of X . Then Sx is 
isomorphic to S. 

Proof It is known that Sx = U ® Eg ® Eg ® A2 ® A2 (see [18], §5). Since 
5 is the orthogonal complement of i? = ^2 © ^2 in the unimodular lattice 
IIi,25 5 Qr = —Qs (Corollary 1.6.3 in [15]). By using these facts, we have 
qSj^ — Qr — —Qr — qs- It now follows from Theorem 1.14.2 in [15] that 5 is 
isomorphic to Sx- ■ 



Let P{Sx)^ be the connected component of the cone {x £ Sx '^ R : 
{x,x) > 0} which contains an ample divisor. Let D{X) be the ample cone 
of X which consist of all vectors x in P{Sx)'^ satisfying {x,6) > for any 
effective divisor 5 on X with {6, 6) = —2. Under an identification of Sx with 
S, we may assume that P{Sx)^ is contained in P(IIi^25)^- Since any (— 2)- 
vector in Sx is a (— 2)-vector in Hi, 25, we may assume that D = CnP(S'x)^ 
is contained in D{X). By Lemma 2.7, the projection w of the Weyl vector 
p is contained in D{X), that is, w is an ample class. 

Remark 2.11 In case of the super singular K 3 surface Y in characteristic 2 
with Artin invariant 1, the group Aut(y) of automorphisms ofY is generated 
by PGL(3, F4) • Z/2Z and 168 involutions {see [9]). The restriction of the 
Conway's fundamental domain C to the positive cone P{Sy)^ ofY consists 
0/42 faces defined by 42 {—2)-vectors and 168 faces defined by 168 (— 1)- 
vectors. The group PGL(3,F4) • Z/2Z preserves the 42 {—2)-vectors, and 
168 involution act on Sy as reflections with respect to 168 (—1) -vectors. It 
would be interesting to give a generator of Aut{X) in our case. 

3 The Fermat quart ic surface 

It is known that the Fermat quartic surface in P^ defined by 

x^ + xi + xi + xi = (5) 

is a supersingular K3 surface with Artin invariant 1 in characteristic 3 ([23]), 
and hence is isomorphic to X. In the following we identify X with the 
Fermat quartic surface. Note that the equation (5) is a hermitian form over 
Fg, and hence the group PGU(4, F3) acts on X. Since PSU(4, F3) is simple, 
it acts trivially on S^/ Sx- Therefore under the identification of Sx with S 
(Lemma 2.10), the action of PSU(4, F3) on S can be extended to the one 
on [/ © A acting trivially on i? = ^2 © ^2- It follows from Lemma 2.1 that 
PSU(4, F3) is isomorphic to the point wise stabilizer group of R. It is known 
that the smallest dimension of irreducible representations of PSU(4, F3) is 
21 (see [4], page 54). Thus the projection w of the Weyl vector p is a unique 
invariant vector with norm 4 in Sx under the action of PSU(4, F3), and 
hence w coincides with the class of the hyperplane section of the Fermat 
quartic surface. By Lemma 2.8, (3), we conclude that 112 Leech roots in 
Lemma 2.2 are lines on X. We remark that it is known that the Fermat 
quartic surface contains exactly 112 lines ([20]). 



10 



Recall that the number of isotropic vectors of a n-dimensional non- 
degenerate hermitian form over Fg2 is given by 

(^«_(_l)n)(^n-l_(_l)n-l) + l. 

Therefore the number of Fg-rational points on the Fermat quartic surface 
-^ is ^ — C^i-i) — ~ 2^*^- ^^ ^^^ other hand, Fg-rational points of P is 
10. Therefore ^^ = 4 lines pass at each Fg-rational point of X. This 
relation between 112 lines and 280 rational points is called (28O4, 112io)- 
configuration. For the notion of configuration, we refer the reader to [7]. 

Proposition 3.1 There exists a (28O4, 112iq)- configuration on X 

Later we shall give this configuration in terms of the Kummer surface (see 
Theorem 9.2). The following Lemma is a geometric interpretation of Lemma 

2.8. 

Theorem 3.2 For each line I on X, there exists exactly 30 lines meeting 
with I. These 30 lines are components of 10 singular fibers of type IV of 
a quas-elliptic fibration, and I is a cuspidal curve of this fibration. The 
other 81 lines are sections of this fibration. The linear system of hyperplane 
sections of the Fermat quartic surface containing I defines this fibration. 

Proof We use the same notation as in the proof of Lemma 2.8. The 
linear system \ki + k'^^ + k'/\ defines a quas-elliptic or an elliptic fibration 
TT : X — )■ P^. Obviously tt has 10 singular fibers of type A2 and 81 sections. 
It now follows from [18], Theorem in §4 that tt is a quasi-elliptic fibration. 
Recall that a singular fiber of type IV of a quasi-elliptic fibration consist 
of three components meeting at one point and the cuspidal curve passes 
through singular points on each fiber. Since the cuspidal curve and the line 
/ have the same intersection numbers with components of fibers and sections. 
Hence the line / coincides the cuspidal curve. ■ 



4 A double quadric model 

In this section, we shall construct X as a double cover of a non-singular 
quadric surface. We denote by C a primitive eighth root of unity satisfying 
("^ -\- C, = 1 and (^^ = y/—l. Let Q be a non-singular quadric P^ x P^ 
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and let {{uq : ui), (vq : vi)) be a homogenous bi-coordinate of Q. Consider 
non-singular rational curves C, C ,Ci, Di defined by 

C: uqVq = uiVi^ C' : UqVq = UiVi] 

Ci:ui = Cuo (1 < i < 8), Cg : m = 0, Cio : uq = 0; 

Di:vi = Cvo {l<i< 8), Dg:vi = 0, Dio : vq = 0. 

Then C and C meet at 10 points ((0 : 1),(1 : 0)),((1 : 0),(0 : 1)),((1 : 
C),(l : C^^)) (1 < i < 8) transversally. Note that Ci (resp. Dj) meets C 
(resp. C") at one of the above 10 points with multiplicity 3. Also there 
are 30 curves of bidegree (1, 1) passing through 4 points from the above 10 
points. They are defined by: 

^o'^o — C^ ^1^1 = (0 < /c < 3); uqVi it uiVq = 0; 

uqVo ± uqVi + uivi = 0; uqVq ± (uovi - ("^uivi = 0; 

uqVq ± C^uqVi + C'^uivi = 0; uqVo ± C'^uqVi - uivi = 0; 

uqVo ± uivo + uivi = 0; uqVq ± (uivo - C'^uivi = 0; 

UqVq ± C^UiVq + C^^l^l = 0; UqVo ± ('^UiVq - UiVi = 0; 

uoVq + C (""o""! — '"I'Wo) — uivi = {0 < k < 3); 

UqVo ± ({uqVi + UiVo) - C^UiVi = 0] UqVq ± (^ {uqVi + UiVq) + C^UiVi = 0. 

Let Z be the double cover of Q branched along the divisor C+C" of bidegree 
(4, 4). Then Z has 10 nodes over the above 10 points. Let Z be the minimal 
resolution. Denote by £'1, ..., £'10 the exceptional curves, and I, I' the inverse 
images of C, C respectively. Let C^ (resp. D- ) be the inverse images of 
Ci (resp. Dj). Also the 30 curves of bidegree (1, 1) as above split 60 non- 
singular rational curves on Z. Then \C^ + C^ + Ei\ defines a quasi-elliptic 
fibration tt with ten singular fibers of type IV. This fibration tt is nothing 
but the one induced from the projection from Q to the first factor P^. The 
cuspidal curve I passes through the singular points of each singular fiber. 
The fibration vr has 81 sections /', D- (1 < j < 10), and the above 60 non- 
singular rational curves. We now conclude that the rank of Picard lattice 
is 22 and its discriminant is ib3"'^''/(81)^ = ±3^. Thus we have the following 
theorem. 

Theorem 4.1 Z is the supersingular K3 surface with the Artin invariant 
1. In particular Z is isomorphic to X . 

Remark 4.2 The covering transformation of Z ^ Q is the Segre involution 
with respect to a pair of two skew lines I, I' {see [19], §16). 



12 



5 The Neron-Severi group of a superspecial abelian 
surface 

Let k be an algebraically closed field of characteristic j» > and let E be 
a supersingular elliptic curve defined over k. We consider a superspecial 
abelian surface A = Ei x E2 with Ei = E2 = E. We denote by Ei (resp. 
E2) the divisor Ei x {0} (resp. the divisor {0} x E2) on A if we have no 
confusion. We set X = Ei + E2- X is a principal polarization on A. We set 
O = End{E) and B = En(f{E) = End{E) (g) Q. Then, 5 is a quaternion 
division algebra over the rational number field Q with discriminant p, and 
O is a maximal order of B. For a divisor L, we have a homomorphism 

ifL-- A ^ PicO(A) 
X ^ T*L - L, 

where T^ is the translation by x G ^. We set 

H = {h ^A I a,<5GZ, 7 = ^}. 

Then we have the following theorem (cf. [11] and [12]). 
Theorem 5.1 The homomorphism 

J: NSiA) -^ H 

is bijective. By this correspondence, we have 

For Li,L2 G NS{A) such that 

the intersection number (Li,L2) is given by 

(Li, L2) = a2(5i + ai52 - 7i/32 - 72/3i. 
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In particular, for L G NS{A) such that j{L) = \ we have 

iL,Ei) = a, {L,E2) = 6. 

Let m : E X E ^ E he the addition of E, and we set 

A = Ker m. 

We have A = {{P,—P) \ P G E}. For two endomorphisms 01,02 G 
End(£^), we set 

^ai,a2 = (ai X a2)*A. 

Using this notation, we have A = Ai 1. We have the following theorem (cf. 

[12]) 

Theorem 5.2 

., ( oioi 0102 \ 

\ 0201 O2O2 / 

In particular, we have 

6 Supersingular elliptic curve in characteristic 3 

We summarize, in this section, known facts on the supersingular elliptic 
curve in characteristic 3 which we will use later. 

We have, up to isomorphism, only one supersingular elliptic curve defined 
over k, which is given by the equation 

2 '^ 
y = X — X. 

We denote by £' a nonsingular complete model of the supersingular elliptic 
curve, which is defined by 



in the projective plane P^, where {X,Y,Z) is a homogeneous coordinate of 

d_ 
dy' 



P^. An invariant non-zero regular vector field on E is given by ^. In the 
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afiine model, let (xi, yi) and (x2, 1/2) be two points on E. Then, the addition 
of E is given by 

X = -xi - X2 + ((2/2 - yi)/ix2 - xi))'^, 

y = yi + y2- ((2/2 - yi)/{x2 - xi)f. 

We denote by [nJE the multiplication by an integer n. [2]e is concretely 
given by 

x = Xl + 1/^1, 

y = -yi- i/yf- 

In case of characteristic p > 0, we denote by F (resp. V) the relative Frobe- 
nius morphism (resp. the Vershiebung) , which has the following relations: 

FV = p, V = F = -F, F^ = -p. 

We have the following lemma. 

Lemma 6.1 Let p be a prime number, and let F„2 be the finite field with 
p^ elements. For a supersingular elliptic curve E defined over Fp, we have 
Ker[p+ 1]^; = £'(Fp2). In particular, \ E{Fp2) \= {p + 1)^. 

Proof A point P e E is contained in E{Fp2) if and only if F'^{P) = P. 
Since F^ = -p, we have F'^{P) = P if and only if [p + 1]e{P) = 0. ■ 

Then, we have 

F(F3) = {(0, 1, 0), (0,0, 1), (1,0, 1), (-1, 0, 1)}, 

^(Fg) = {(0, 1, 0), (0, 0, 1), (1, 0, 1), (-1,0, 1), (c, ±C', 1), (C', ±C, 1), 

(c^ ±c, 1), (c^ ±c, 1), (c^ ±c^ i), (c^ ±c^ i)}. 

Here, C is a primitive eighth root of unity which satisfies ("^ + C = 1 and 
C^ = \/^. We set 

Poo = (0,l,0),Po = (0,0,1), Pi = (l,0,l),P_i = (-1,0,1). 

The point Pqo is the zero point of E, and the group of 4-torsion points of E 
is given by 

^(Fg). 

Then E has the following automorphisms a and r: 

o":xi— )'X + 1, y *-^ y 
r : X I— )■ —X, y i— )■ \/—ly, 
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which satisfiy 

o" = id, r = —id, t o a = a or. 

By this relation, we know that in the maximal order O = End(£') 
a = a , T =—1, f = —T,F o a = a o F,F o T = —T o F. 

We set p = T o a. Then, p is of order 4 and we have 

d d d — d d — d 

* dy dy' * dy dy^ * dy dy' 

The translation Tp^^ by the point Pq is given by 

Tpo^i = -1/xi, Tpj,yi = yi/xl. 

We set 9 = Tp . Then the group G which is generated by 9 acts on the 
function field k{E), and 

C2(i/xi-xi), -C{yi/4 + yi)- 

are invariant under the action of G. It is easy to see that the invariant field 
k{E)'^ is given by 

k{Ef = fc(C'(l/xi - xi), -C{vi/xl + yi)). 

We set 

X = C^(l/xi -xi),y = -C{yi/x\ + yi). 

Then, x and y satisfy the equation 

y = X — X. 
Hence, we have E/G = E and we see that the projection 

-K -.E — > E 

is given by 

X = C^(l/xi - xi), y = -Q{yi/x\ + yi). 

We have 

dyi dy' 
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By direct calculations, we have relations: 

vr = id — T 

ro7r = 7roT = id + r 
o" o vr = vr o (7 

7ro7ror = T07ro7r= [2]^; 
id + F = -[2]Eoa 

By the general theory of quaternion algebra over Q, the quaternion algebra 
with descriminant 3 is given by 

5 = Q + Qa + Q/3 + Qa/3 

and a maximal order O of i? is given by 

= Z + Zp + Z{l + a)/2 + Z/3(l + a)/2. 

(cf. [10] and [11])- In the case of the supersingular elliptic curve in charac- 
teristic 3, we can take a and /3 as 

/3 = r, a = F 

and then 

(1 + a)/2 = -a, /3(1 + q)/2 = -ra 

by the relations of endomorphisms above. 

We consider now in characteristic 3 the superspecial abelian surface A = 
El X E2 with El = E2 = E. Using the notation in Section 5, on A we take 
six divisors 

El, E2, A = Ai^i, Ai^^, Ai^_o-, Ai^_T-o-- 

By Theorems 5.2, we have the following lemma. 

Lemma 6.2 We have the following expressions of divisors: 

i(A,-„)=( j, T)- 

Moreover, these six divisors give a basis of NS{A) . 
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By direct calculation based on Theorem 5.1 we have the following table 
for the intersection numbers. 





El 


E2 


A 


Ai,, 


Ai,-. 


Ai,_ra 


El 





1 


1 


1 


1 


1 


E2 







1 


1 


1 


1 


A 




1 





2 


1 


2 


Ai,. 




1 


2 





2 


1 


Ai,-. 




1 


1 


2 





2 


Ai,_r<x 




1 


2 


1 


2 






7 A curve of genus 4 

In this section we consider the non-singular complete curve C of genus 4 
defined by the equation 

y'^ = x-^ - X. 

The Fg-rational points are given by 

C(F9) = {oo,(0,0),(C,0) I i = 0,l,...,7}. 

Therefore, C has 10 Fg-rational points. We have a morphism ^p from C to 
E defined by 

x = X^ + X, y = Y. 



We have 






d_ 
dy 



We need to construct one more morphism from C to E. For this purpose, 
we consider an automorphism r/ of C which is defined by 

X^ {X - C,'^)/X, Y ^ CY/X^- 
We also consider an automorphism ij' of the elliptic curve E defined by 

X I—;- —X — 1, y ^^ C y. 
Then, we have a morphism ip' from C to E which is defined by 

cp' = rj' o Tp_^ o (p orj : C — )■ E. 
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The morphism 99' is concretely given by 

X = ex^ix^ -i),y = -exY/{x^ - If, 

and it is easy to see that 

/ d '^ s ^ 

(^^(— — ) = C -^ ;^ at any point except the point of infinity. 

Moreover, the homomorphisni 99'^ is injective on the tangent space at the 
point at infinity. 
Now, we set 

iP = {(f,ip'):C^A = EixE2. 

with El = E2 = E. By a direct calculation, we see that this morphism is 
injective. Since (p is etale except at the point at infinity and ip' is etale at 
the point at infinity, we see that the tangent map induced by the morphism 
ip is injective. Hence, the morphism ip is an immersion. We have 

99(00) = Poo, 

99({(-l,o),(c^o),(c^o)}) = Pl, 
99({(l,o),(c,o),(c^o)}) = p_l, 

99({(0,0),(C2,0),(C6,0)}) = Po, 

and 

99'({oo,(l,0),(-l,0)})=Poo, 

9.'({(c,o),(c^o),(c^o)}) = Pl 
99'({(c^o),(c^o),(c^o)}) = p_l, 

V9'((0,0))=Po. 

Therefore, the image of the set C(Fq) by the morphism ip is given by ten 
2-torsion points: 

{(^00, -Poo), {Po,Po), {P~i,Pod), {P~i,Pi), {Po,Pi), 

(P_l,P_l), (Pl,Poo), (Pl,P-l), (Po,P-l), (Pl,Pl)}. 

At the Fg-rational points of C, the tangent maps are given as follows: 

d d 

V*i-g^) = 0, 'P'*i-g^) / at the point of infinity 



and 



Mw) = i' 'P'*(w) = at the point (0, 0) 

^*iw) = I' ^'*iw) = C'^^'i at the point (CO) 

(i = 0,l,...,7). 
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Lemma 7.1 Im ip does not contain any element o/Ker[4]y4\Ker[2]/i. More- 
over, for any 2-torsion point a, the curve Talm^ does not contain any ele- 
ment o/Ker[4]A\Ker[2]yi. 

Proof Since the morphism ^p is defined over Fg, the Fg-rational points on 
Im ip come from Fg-rational points on C. Considering Ker[4]^ = yl(Fg), 
Ker[2]yi = ^(Fa) and 'ip{C(Fg)) C ^(Fs), we see C does not contain ele- 
ments of Ker[4]A\Ker[2]yi. 

Since 2-torsion points are defined over F3, the latter part follows easily 
from the former part. ■ 

From here on, we identify V'(C') with C if we have no confusion. We now 
calculate the intersection number of the curve C with the basis Ei, E2, A = 
Ai^i, Ai^T-, Ai^_o-, Ai^_T-o-. Since the degrees of the morphism ip, f' are 
equal to 3, we see that (C, Ei) = (C, E2) = 3. Since the genus of C is equal 
to 4, we have C^ = 6. Calculating the ideals of the pull-backs of the divisors 
to C, we have the following result. 

Lemma 7.2 

{C,Ei) = 3, {C,E2) = 3, 
(C,A) = 6, (C,Ai,0 = 6, 
(C,Ai,„,) = 3, (C,Ai,_,,) = 3. 

Theorem 7.3 In NS{A), we have a decomposition 

C = E1 + E2- A- Ai^r + 2Ai,_^ + 2Ai,_^^. 
In particular, 



jiC) = ,, , , o 



3 -(l + T)(l + 2a) 

l + 2a2)(l-r) 3 



Proof Using the basis {£^1, £'2, A, Ai,^, Ai _^, Ai _^^} of NS{A), we 
suppose that C is expressed as 

C = aEi + bE2 + cA + dAi,^ + eAi _^ + /Ai _^^ 
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with integers a, b, c, d, e, f. Considering the intersections of C with the ele- 
ments of the basis, we have equations: 

3 = 6 + c + (i + e + / 
S = a + c + d + e + f 
Q = a + b + 2d + e + f 
Q = a + b + 2c + 2e + f 
S = a + b + c + 2d + 2f 
S = a + b + 2c + d + 2e. 

Solving these equations, we get the former part of the result. The latter 
part follows from Lemma 6.2. ■ 



8 Construction of curves on an abelian surface 

We use the notation in previous sections. Let E be the supersingular elliptic 
curve in characteristic 3, and we consider the superspecial abelian surface 

A = Eix E2 

with Ei = E2 = E. 

At each point of Ker[2]/i, we have 10 tangent directions which are Fg- 
rational. At the zero point of A and to one of Fg-rational tangent direction 
at the zero point, we construct, in this section, one curve of genus 4 and 
two elliptic curves which pass through the 2-torsion point and whose tangets 
at the zero point are equal to the tangent direction. At the zero point, we 
have in total 10 curves of genus 4 and 20 elliptic curves. By translations by 
2-torsion points, we have finally 16 curves of genus 4 and 80 elliptic curves. 
In the next section, we will show that these curves of genus 4 together with 
16 exceptional curves make a (16)io-configuration of rational curves on a 
Kummer surface, and the 16 curves of genus 4 and the 80 elliptic curves 
together with 16 exceptional curves make 112 rational curves on a Kummer 
surface which correspond to Leech roots on the Kummer surface. 

We set 

Coo = C = Im ip. 

Then, Coo is a curve of genus 4 and contains the following ten 2-torsion 
points: 

Coo 3 {Poo, Poo), {Pi, Poo), {P-l,Poo), {Pi, Pi), {P-l,Pl), {Po,Pl), 

(Pi, P_i), (P_i, P_i), (Po, i^-i), (Po, i^o). 
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We set 

/^ rp^ r^ r^ T^* r^ r^ T^* /^ 

"-"-C — -'(P(,,P_i)'-'oo' ^-Cp- — -t(p_i,Pi)L'oo, (---C^ — J(Pj^p^)<-^oo- 

We denote by Ta the tangent space of A at the zero point of A. Note that Tyi 
has a natural basis by using an invariant vector field ^ on the elliptic curve 
E. Then, these 10 curves of genus 4 all pass through the zero point of A, 
and the tangent vector to the curve Cq at the zero point of A gives a point 
(1, a) in the projectivized tangent space P^(T/i). They give the Fg-rational 
points on P"^(r4). We also note that these 10 curves give the same divisor 
in NS{A). 

Now, to construct 20 elliptic curves which pass through the zero point 
of A, in the maximal order O = End(E) of B = End (E') we consider the 
following 10 decompositions: 

-(l+r)(l + 2cr) =0 + Tr_F 
= + Vtt 

= J^+^i-a^ - r) + I • i-a) 
= Tf{-a) + 1 • vfcr^ 
= (l + o-V) (r-o -) + 1 • ra^ 

= 1 • (J^TT + -TfCT^ • 1 



(c72 + r)(a + T) + l-a2 

1 • (— vfo") + aW ■ 1 

(-a2 + T)(l + ra2) + I.(-Ta) 



= (Tra) • 1 + 1 • (-crvr). 

Corresponding to these decompositions, we construct the following pairs of 
elliptic curves: 

class(oo) E2 + A,r,P 

class(O) El + Ay^TT 

class(l) A^+^ _^2_^ + Ai _^ 

class(C) A^ „^ + Ai^^^2 

class(C^) Ai+^2^^^„^ + Ai_^^2 

class(C^) Ai_^2^ + A„^^2^i 

class(-l) A^2+^^^+^ + Ai_^2 

class(-C) Ai _^CT + A^^^i 

Class(-C^) A_^2+^^i+^^2 + Ai^^ra 

class(-C^) A^^^i + Ai _^^ 
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In each class (a), the tangent vector at the zero point to each ehiptic curve 
give a point {I, a) in the projectivized tangent space P^(T^), and by our 
construction the divisors which are the sum of two elhptic curves are ah 
algebraically equivalent to the curve Ca of genus 4. We denote by £00 the 
set of these 20 elliptic curves. 

In class (q) we denote by Aq, and A^ the two ellptic curves in the class. 
Then, for the triple {Cq, A^, A'^}, we have 

C„ = A„ + A'„. 

By theorem 5.1, we can compute the intersection numbers of these twenty 
elliptic curves. In particular we see 

(A„, A'J = 3 

in each case. Therefore, we also have 

(C,,A,) = 3, (C„,A;) = 3. 

Since the directions of the tangent vectors of these three curves at the zero 
point of A coincide with each other, we see that the multiplicity of the 
intersection of Aq and A^ at the zero point is greater than or equal to 2. 
Since A^ n A'„ is a subgroup scheme, we see Aq n A^ = 03, and so A^ and 
Aq intersect with each other at the zero point with multiplicity 3, and they 
don't intersect with each other at any other points. 

Lemma 8.1 The curve Ca intersects wih Aq (resp. Aq) only at the zero 
point and the multiplicity of their intersection at the zero point is equal to 
3. 

Proof Suppose that Cq intersects wih Aq at a point P which is not the 
zero point. Since both Ca and Aq are defined over Fg, the Galois group 
over Fg acts on rational points on Cq and Aq. In our case the intersection 
multiplicity of Ca and Aq at the zero point (resp. at the point P) is two 
(resp. one), the Galois group fix the point P. So P is a Fg-rational point 
of Ca- However, Ca does not pass Fg-rational points of A which are not 
Fa-rational points. Therefore, we have P £ AiF^) = Ker[2]A- Since we see 
that Ca does not intersect with Aq on Ker[2]A \ {0}, we conclude that Ca 
intersects wih Aq only at the zero point with multiplicity 3. The rest is 
similar ily proved. ■ 
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Take a 2-torsion point a which is not the zero point. Then, we can check 
that just one curve among 3 curves Ca, A^ and A^ passes through the 
2-torsion point a. 

Now, let {C^,A^,Ao} be a triple different from {(7q, Aq,A^}. Then, 
we have 

3 = (C„, A^) = (A«, A^) + (A'„, A/3). 

Therefore, we have (Aq,,A^) = 0, 1, 2 or 3. If (Aq,A^) = 0, then A^ is 
a translation of Aq,. However, since both divisors contain the zero point, 
we see A^ = Aq,, which contradicts to a / /3. If (Aq,A^) = 3, we have 
(A'^,A^) = 0. Therefore, by the same argument we have A^ = A'^, a 
contradiction. Hence we have the following. 

Lemma 8.2 (Aq, A^) is equal to either 1 or 2 if a ^ 13. 

In case (Aq,A^) = 1, Aq, intersects with A^ only at the zero point trans- 
versely. In case (Aq, A/3) = 2, since A^ n Aq is a subgroup scheme of A, Aq 
intersects with A^ at the zero point and a point of order two transversely. 
For the group Ker[2]^ of 2-torsion points, we set 

£ = {TaG I G££oo,a£Kei[2]A}. 

Since each elliptic curve G contains four 2-torsion points, we see that the set 
£ contains 20 x 16 -^ 4 = 80 elliptic curves. We denote by £a the subset of £ 
such that G & £ contains the point a € Ker[2]yi. We have £q = iSoo. Then, 
the set £a contains 20 elliptic curves whose tangent vectors at the point a 
give ten Fg-rational points of the projectivized tangent space at the point 
a. Two of them give the same rational point in the projectivised tangent 
space. 
We set 

Qi = (c,a, Q2 = ie,c), Q3 = (c^c), 
Q4 = (-co, Q5 = -(c^a, Qe = (-c^a• 

Then, the 4-torsion points on E which are not in the group Ker[2]£; of 2- 
torsion points are given by 

Qi, Q2, Q3, Qa, Qb, Qe, —Qi-, —Q2, —Q3, —Qi, —Qb, —Qg- 

and the 2-torsion points are given by 
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For each elliptic curve in £q we put a number as follows: 



(1) Ay,,, (1)' El, 

(3) A,2,,,+,, (3)' Ai,,2 
(5) A_,2+,,i+,,2, (5)' Ai,_, 
(7) A,+,,_,2_,, (7)' Ai,_,, 
(9) Ai+,2,,,_,, (9)' Ai,,,2, 



(2) E2, (2)' A^^F, 
(4) A,,_., (4)'Ai,^,2, 
(6) Ai,,2,, (6)' A_^,2,i, 
(8) Ai,_s^, (8)' A,,,i, 
(10) A^,,i, (10)' Ai,_,,. 



Then, we have the following list of elliptic curves in £q which pass through 
the 4-torsion points on A = Ei x E2 which are not in the group Ker[2]yi. 
Since the table is very big, we divide it into two parts. Here, the points in 
the top row of the table are the ones on Ei, and the points in the left-end 
column are the ones in £^2- For example this table shows that the 4-torsion 
point {Qi,Qi) G A lies on the elliptic curve (9) A;^^^2t- ,-_o-, and the 4-torsion 
point {Q2, Qi) G A lies on the elliptic curve (9)' Ai,^^2. From this table we 
see that each 4-torsion point of A which is not in Ker[2]yi is on only one 
elliptic curve in £q. 





Qi 


Q2 


Qs 


Qa 


Q5 


Qe 


-Qi 


-Q2 


Qi 


(9) 


(9)' 


(10)' 


(8)' 


(1) 


(7)' 


(9) 


(8) 


Q2 


(10) 


(6)' 


(7)' 


(2)' 


(8) 


(5)' 


(9)' 


(4)' 


Q3 


(5)' 


(8) 


(10)' 


(7)' 


(1) 


(3) 


(8)' 


(3)' 


Qa 


(4) 


(7)' 


(4) 


(5) 


(5)' 


(6) 


(10)' 


(1) 


Q5 


(7)' 


(4)' 


(9)' 


(6)' 


(8) 


(6)' 


(2)' 


(10) 


Q% 


(10)' 


(1) 


(7) 


(9)' 


(7)' 


(4) 


(3)' 


(5)' 


-Qi 


(9) 


(8) 


(5)' 


(6) 


(3)' 


(8)' 


(9) 


(9)' 


-Q2 


(9)' 


(4)' 


(10) 


(3)' 


(6)' 


(2)' 


(10) 


(6)' 


-Q3 


(8)' 


(3)' 


(8)' 


(6) 


(9)' 


(3) 


(5)' 


(8) 


-Qa 


(10)' 


(1) 


(3)' 


(5) 


(4)' 


(9)' 


(4) 


(7)' 


-Q5 


(2)' 


(10) 


(2)' 


(5)' 


(10) 


(3)' 


(7)' 


(4)' 


-Qe 


(3)' 


(5)' 


(7) 


(4) 


(4)' 


(6) 


(10)' 


(1) 


Poo 


(1)' 


(1)' 


(1)' 


(1)' 


(1)' 


(1)' 


(1)' 


(ly 


Po 


(7) 


(8)' 


(9) 


(3) 


(4) 


(5) 


(7) 


(8)' 


Pi 


(7) 


(4) 


(6)' 


(10) 


(2)' 


(5) 


(7) 


(4) 


P-i 


(6)' 


(2)' 


(9) 


(3) 


(8)' 


(10) 


(6)' 


(2)' 



25 





-Q3 


-Qa 


-Q5 


-Qe 


Poo 


Po 


Pi 


P-i 


Qi 


(5)' 


(6) 


(3)' 


(8)' 


(2) 


(3) 


(3) 


(4)' 


Q2 


(10) 


(3)' 


(6)' 


(2)' 


(2) 


(10)' 


(6) 


(1) 


Qs 


(8)' 


(6) 


(9)' 


(3) 


(2) 


(9) 


(4)' 


(9) 


Qa 


(3)' 


(5) 


(4)' 


(9)' 


(2) 


(7) 


(8) 


(7) 


Q5 


(2)' 


(5)' 


(10) 


(3)' 


(2) 


(6) 


(1) 


(10)' 


Qe 


(7) 


(4) 


(4)' 


(6) 


(2) 


(5) 


(5) 


(8) 


-Qi 


(10)' 


(8)' 


(1) 


(7)' 


(2) 


(3) 


(3) 


(4)' 


-Q2 


(7)' 


(2)' 


(8) 


(5)' 


(2) 


(10)' 


(6) 


(1) 


-Q3 


(10)' 


(7)' 


(1) 


(3) 


(2) 


(9) 


(4)' 


(9) 


-Q4 


(4) 


(5) 


(5)' 


(6) 


(2) 


(7) 


(8) 


(7) 


-Q5 


(9)' 


(6)' 


(8) 


(6)' 


(2) 


(6) 


(1) 


(10)' 


-Qe 


(7) 


(9)' 


(7)' 


(4) 


(2) 


(5) 


(5) 


(8) 


Poo 


(ly 


(1)' 


(1)' 


(1)' 


2-torsion points 


Po 


(9) 


(3) 


(4) 


(5) 


Pi 


(6)' 


(10) 


(2)' 


(5) 


P-i 


(9) 


(3) 


(8)' 


(10) 











As for the elliptic curves in £, any curve in £^ is a translation of an elliptic 
curve in £q by a 2-torsion point. Since there exist sixteen points in Ker[2]/i 
and each elliptic curve contains four 2-torsion points, we see that each 4- 
torsion point of A which is not in Ker[2]^ is on just 4 elliptic curves in 8. 
Each two of these 4 elliptic curves intersects transversely at the 4-torsion 
point with each other. The inversion of A acts on sixteen 4-torsion points 
of an elliptic curve G in 8^ and it fixes four 2-torsion points. Therefore, 
it makes 10 orbits. We will see later that these 10 orbits make ten Fg- 
rational points on the rational curve on the Kummer surface Km(A) which 
is obtained as the image of the elliptic curve G. 

We set now 

5 = {(Poo, Poo), (Pi, Poo), (P-l, Poo), (Pi, A), (P-l, A), (PO, Pi), 

(Pi,P_i),(P_i,P_i),(Po,P-i),(Po,Po)} 

and set 

C = {T.Coo I a G 5}. 

Then, we have ten curves of genus 4 which pass through the origin of A. As 
we already stated, the tangent vectors to these curves in C at the origin give 
ten Fg-rational points of the projectivized tangent space P^ at the origin of 
A. More generally, for the group Ker[2]^ of 2-torsion points, we set 

V = {TaC^ I a G Ker[2]^}. 
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Then, we have sixteen curves of genus 4 such that each passes through 
10 points in Ker[2]A- Since {TaCoo • T^Coo) = 6 for any 2-torsion points 
o, b, the curves TaC^o and T^Coo intersect each other at six 2-torsion points 
transversely and they don't intersect at any other points. Therefore, two of 
the elements in D intersect at 6 points in Ker[2]^ transversely. We set 

Cb = {n+aCoo \aeS}cV. 

Then, Cf, is a subset of T> and we have 10 curves of genus 4 which pass 
through the point b. Note that the other six curves in D don't pass the 
point b. Thus, we get the set T> of 16 curves of genus 4 and the set £ of 80 
elliptic curves. Summarizing these results, we have the following theorem. 

Theorem 8.3 Under the notation above, on the superspecial abelian surface 
A, we have the set D of 16 curves of genus 4 and the set E of 80 elliptic 
curves. 

(i) Different two curves Ci, C2 in T) intersect each other only at 6 points 
in Ker[2]yi. Any curve in D doesn't pass through any point in Ker[4]^ \ 
Ker[2]A. 

(ii) Different two curves Ci, C2 in £ don't intersect each other except at 
points in Ker[4]A. 

(iii) A curve Ci in D and a curve C2 in £ don't intersect each other 
except at points in Ker[2]yi. 

(iv) At a point a in Ker[2]yi and to a Fg-rational tangent direction t at 
the point a, we have a triple of a curve C inV and two elliptic curves A, A' 
in £ such that these three curves pass through the point a and whose tangent 
directions at the point a coincide with the direction t. These three curves 
intersect each other only at the point a, and the intersection numbers of two 
curves among these three are all equal to 3. Moreover, C is algebraically 
equivalent to A + A'. 

(v) For a point b in Ker[4]^ \ Ker[2]^, there exist just 4 elliptic curves 
in £ which pass through the point b. If two elliptic curves in £ intersect 
each other at the point b, then they also intersect each other at the point —b. 
These 4 elliptic curves intersect each other transversely at the points b and 
-b. 

9 Rational curves on a Kummer surface 

Let A = El X E2 with Ei = E2 = E he the superspecial abelian surface 
and let l be the inversion of E. We consider the quotient surface A/{l x l) 
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and its minimal resolution Km(^). Km(y4) is a K3 surface and is called a 
Kummer surface. We consider the following diagram: 

A ^ A 

Ig I 

Km{A) -^ A/{l X l). 

Here, /' is the minimal resolution of singularities and / is the blowings-up 
at sixteen 2-torsion points of A. The morphism g is the quotient map to the 
quotient surface by the group of order 2. 

Let {Cq,,Aq,,A^} be a triple of the curve of genus 4 and two elliptic 
curves Aa,A^ as in Section 8 which pass through the zero point of A. 
We denote by io the exceptional curve which comes from the zero point 
of A. We denote by Ca, Aq, A^ the proper transforms of Ca, Aq,, A^ 
respectively. Then, each two of members of the tirple intersects at the origin 
with multiplicity 3, we see that each two of the proper transforms intersects 
on the exceptinal curve io with multiplicity 2. Since Aq, and A^ contain 
four points in Ker[2]^ respectively and Ca contains 10 points in Ker[2]A, we 
have the following intersection numbers for the proper transforms: 

Cl = -4, A^ = -4, A'^ = -4, 

{Ca,A^J=2, {cJK2) = 2, (A«,A^) = 2 

ll = -1, (C,,4) = 1, (A„,4) = 1, (A',,4) = 1. 

It is clear that g{Ca), g{Aa), ^(Aq,) and g{io) are all nonsingular rational 
curves. By the construction we have 

g-\giCa)) = Ca, 9-\9{Aa)) = A„, ^"^(^(A,)) = A',, g-\giio)) = 2io. 

Hence, by deg g = 2 we conclude 

giCaf = -2, giAaf = -2, ^(A'J^ = _2, g{i,f = -2 
{g{Ca),g{Aaf) = l, {g{Ca),g{Aa)") = l, {g{Aa),g{K)) = l, 
{g{Ca),g{eo)) = l, {q{Aa),g{eo)) = l, {g{K),g{eo)) = 1. 

We note that the rational curves g{Ca), g{Aa), g{Aa)' and 5(^0) intersect 
one another at the same point. 

We denote by A the set of exceptional curves for the resolution /' and 
by T) the set of of proper transforms of the curves in "D. We also denote by 
B the set of rational curves on Km(A) which are obtained as the images by 
g of the proper transforms. Then, from the argument above, we have the 
following theorem (see Proposition 2.9). 
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Theorem 9.1 The sets A and B make a {1Q)iq- configuration on a super- 
singular K3 surface Kin{A), that is, the sets A and B respectively consist of 
16 non-singular rational curves and each curve in one set intersects exactly 
10 curves from the other set transversely. 

We consider the set £ of proper transforms of the curves in £, and we denote 
by £ the set of rational curves which are obtained as the images of the curves 
in £ by g. We set 

n = A\JB\j£. 

Then, IZ contains in total 112 nonsigular rational curves whose self-intersection 
numbers are all equal to —2. By the argument above, we know that on one 
rational curve (. va.TZ there exists ten Fg-rational points and that at each 
Fg-rational point 4 rational curves in TZ intersect transversely each other. 
Therefore we have 10 x 112 -^ 4 = 280 Fg-rational points. We denote by V 
the set of these 280 points. Summarizing these resuts, we have the following 
theorem (see Proposition 3.1). 

Theorem 9.2 The set IZ is the set of Leech roots in NS{Ktq.{A)). More- 
over, V and TZ make a {2804,112iq)- configuration. 
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